In this paper, we investigate symmetric properties of the multivariate p-adic invariant integral on Z p . From our investigation, we derive some interesting identities for the extended higher-order q-Bernoulli polynomials of the second kind.
Introduction
Let p be a fixed prime number. Throughout this paper, Z p , Q p and C p will, respectively, denote the ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of Q p . Let ν p be the normalized exponential valuation of C p with |p|
. When one talks of qextension, q is variously considered as an indeterminate, a complex number q ∈ C or p-adic number q ∈ C p . If q ∈ C, one normally assumes |q| < 1, and if q ∈ C p , one normally assumes |1 − q| p < p −1/p−1 so that q x = exp(x log q). The q-number of x is defined by [x] q = 1−q x 1−q . Note that lim q→1 [x] q = x. Let UD(Z p ) be the space of uniformly differentiable functions on Z p . For f ∈ UD(Z p ), the p-adic invariant integral on Z p is defined by [7] ).
(1.1)
Let f 1 (x) = f (x + 1). Then, by (1.1), we get
where B n is the n-th Bernoulli number. The Bernoulli polynomials are defined by [7, 8] Thus, by (1.3) and (1.4), we get
(1.5)
As is well known, the higher-order Bernoulli polynomials are defined by the generating function to be
n (0) is called the n-th Bernoulli number of order r (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] 
Thus, by (1.7), we get
In [7] , the q-Bernoulli polynomials of the second kind are defined by Kim which is given by
In this paper, we consider the q-extension formulae of (1.8) and we construct the extended higher-order q-Bernoulli polynomials. Finally, we give new and interesting identities of symmetry for the extended q-Bernoulli polynomials of the second kind. Recently, several authors have studied symmetric identities for Bernoulli and Euler polynomials(see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ).
Identities of symmetry for the extended higher-order q-Bernoulli polynomials
For h ∈ Z and r ∈ N, we note that
where
From (1.8) and (2.1), we can define the extended higher-order q-Bernoulli polynomials of the second kind which are given by
Let w 1 , w 2 be natural numbers. Then we have
(2. 
Therefore, by (2.4) and (2.5), we obtain the following theorem 
Corollary 2.2.
For n ≥ 0, we have
Therefore, by (2.2) and Collary2.2, we obtain the following theorem.
Remark. when w 2 = q = r = 1, we have
, (see [7] ).
From (2.2), we note that
Thus, by (2.6), we get
n−i q
whereT (h,r)
By the same method as (2.7), we get (2.9) Therefore, by (2.7) and (2.9), we obtain the following theorem. 
